This paper proposes a novel way to look at Chua's circuit and to investigate its chaotic behavior. We propose a systematic method to increase the dimension of Chua's circuit and to choose the element values. Our claims are confirmed by numerical simulations on Chua's circuit and on modified Chua's circuit and also supported by experimental results.
Introduction
Over the past two decades, researchers have been greatly interested in nonlinear dynamical systems with a special attention to those having chaotic behavior. This is due to the appearance of chaos in many scientific disciplines such as biology, chemistry, physics, mathematics and engineering applications [Skinner, 1994; Arneodo et al., 1993; Wolframm, 1985; Zhusubaliyev & Mosekilde, 2003; Lankalapalli & Ghosal, 1997] . Hence, a myriad of papers have been published to present the peculiarity of chaotic dynamics. To this regard, the emergence of new mathematical and numerical tools played a crucial role to understand, characterize and quantify chaos.
Actually, the research on chaotic systems can be classified into three main streams: investigating new chaotic systems, synchronizing chaotic systems and controlling chaos. Our present paper falls within the first stream.
In early sixties of the last century, E. N. Lorenz has confirmed that the chaotic behavior was not artifacts of numerical simulations but was inherent in the model of thermally induced fluid convection in the atmosphere [Lorenz, 1963] . Since then, several other systems have been coined and shown to exhibit chaos. Chua's system [Chua, 2010] is one that has served as a workhorse for chaos characterization and analysis as well as for testing the elaborated synchronization and control methods.
Chua's circuit is a paradigm for chaos which is considered as the simplest nonlinear electrical circuit that exhibits almost known chaotic phenomenon [Madan, 1993] . Many attempts to modify Chua's circuit are reported in literature. Most of them are concerned with the modification of the nonlinear element characteristics [Zhong, 1994; Yalcin et al., 2001; Tang et al., 2001; Thamilmaran et al., 2004] or deal with increasing the dimension of Chua's circuit [Yuan-Zhao, 1996] . Few others have offered serious suggestions to substitute the inductor element with the purpose to implement Chua's circuit on an integrated circuit [Morgül, 1995a [Morgül, , 1995b Tôrres & Aguirre, 2000; Tadayon et al., 2008] . To our knowledge, very few works have presented explanations on how to choose the circuit elements in order to generate chaotic behavior of the modified Chua's circuit [Götz et al., 1993] .
In this work, we present a frequency domain analysis which is quite different from that reported in literature. Indeed, we look at Chua's circuit as a harmonic oscillator interconnected with a nonlinear lag filter. Each of these two basic circuits is characterized with an intrinsic frequency. Thus, we claim that the chaotic behavior in Chua's circuit does not depend on one circuit element but rather on the relation between the characteristic frequency of each circuit. Once, this relation is established, different elements can be fixed to obtain any desired behavior: either periodic or chaotic.
To be fair, our method has an engineering flavor, and does not have rigorous theoretical basis, since it may allow a designer to fix the circuit elements with a maximum of ease and confidence while reaching the desired qualitative behavior.
This paper is outlined as follows: In Sec. 2, we present our new look at Chua's circuit and we propose a method to modify the circuit and to choose its elements. Section 3 is devoted to numerical simulations and experimental results of several modifications of Chua's circuit. In Sec. 4, we try to find some reasons for the existence of chaotic behavior. Finally, in Sec. 5, we include some concluding remarks.
Overview on Chua's Circuit Modification
Chua's circuit is considered as one of the simplest autonomous electronic circuits that may exhibit almost known types of bifurcation phenomena. It consists of three energy storage elements: a linear inductor (L os ) and two linear capacitors (C os , C f 1 ). In addition, it has a linear passive resistor (R f 1 ) and a nonlinear active resistor usually called Chua's diode (R N ) [Kennedy, 1992] . The latter is characterized by its piecewise linearity and negative admittances G a and G b . Many attempts to modify Chua's circuit were reported in the literature in order to enrich its behavior and to extract multiple innovations and methods of analysis and control. One of these modifications was to exploit nonlinearity to generate new families of scrolls [Bilotta et al., 2007] . Other researchers were interested in hyperchaotic behavior, to use it in chaotic encryption, which requires a higher order of the system. Therefore, additional energy storage elements were inserted in the circuit such as adding an RC element in series with the inductor [Yalçin et al., 2002] .
The most attractive modification concerns the design of Chua's circuit without inductance. The object of this modification is to build small chaotic circuits in integrated circuit. To achieve this aim, Morgül [1995b] proposed to replace the harmonic passive oscillator LC by a Wien bridge oscillator. Thus, we obtain the circuit shown in Fig. 2 .
The oscillation condition of the Wien bridge oscillator is:
and the oscillation frequency is:
We can facilitate the choice of the components by choosing C os1 = C os2 , R 7 = R 8 and R 9 = 2R 10 ; this choice checks the condition of oscillation and yields to:
Most of the presented modifications have been investigated experimentally and have been shown to exhibit chaotic behavior. Moreover, the most used element in the study of bifurcations is R f 1 . However, most of them have used circuit elements with different values than the typical known values without presenting any explanation of why and how they have chosen those elements.
In fact, Chua's circuit has been thoroughly analyzed in the state space and its chaotic behavior has been well explained. Thus, one may deduce that any combination of elements that yields to similar state space representation will exhibit similar chaotic behavior. Our work is inspired from this observation and from the modification presented in [Morgül, 1995b] and motivated by the need to build high order Chua's circuit while presenting an easy and a systematic method to choose the circuit elements that produce chaotic behavior.
Modification of Chua's Circuit According to a New Point of View
Chua's circuit will be considered as an interconnection between an oscillator, a filter and Chua's diode as depicted in Fig. 3 . The oscillator is characterized by an oscillation frequency ω os = 1/ √ L os C os in the case of the original Chua's circuit and ω os = 1/ √ C os1 C os2 R 7 R 8 for the inductorless circuit. The filter is simply an RC first order filter characterized by its cut-off frequency ω c = 1/R f 1 C f 1 . Finally, the filter output feeds a nonlinear and active resistor.
Relation between ω os and ω c
On the one hand, the oscillator frequency ω os represents the most significant frequency in the spectrum of the chaotic signal of Chua's circuit. On the other hand, ω c defines the cut-off frequency of a low-pass filter and thus implies that the signals having frequencies larger than ω c will be filtered out or damped. Then we expect not to have an oscillatory behavior if ω os > ω c . We can check that for the typical parameters of Chua's circuit in Table 1 , we have ω os = 23 570 rad/s and ω c = 55 556 rad/s, thus, ω os < ω c which led to a chaotic behavior. If we bring closer the oscillator frequency and the cutoff frequency of the filter by increasing the former or decreasing the latter, chaotic behavior in doublescroll disappears and a one-scroll chaotic behavior appears as depicted in Fig. 4 . Different attractors were obtained by modifying only one parameter at a time compared to the typical values. The attractors on the left in Fig. 4 were obtained by increasing the oscillator's frequency whereas the attractors on the right were obtained by decreasing the filter's cut-off frequency.
Obviously, if we bring the frequencies ω os and ω c closer then we obtain a periodic behavior as delineated in Fig. 5 .
Based on these observations, we postulate the following claim: Claim 1. Chua's circuit behavior depends on the difference between the oscillator frequency ω os and the filter cut-off frequency ω c . In the sequel, we will try to confirm our claim with other examples, numerical simulations and experimental results.
Use of various oscillators
Our Claim 1 suggests that if the difference between ω os and ω c is the same for various values of the electric components, then Chua's circuit will have qualitatively similar behavior. Indeed, we will simulate Chua's circuit numerically by varying the parameters of a filter having a cut-off frequency ω c = 10 5 /18 rad/s and of an LC oscillator having a frequency ω os = 10 4 /12 rad/s. The values of the components given in Table 2 concern five different cases. When compared to the third case, the first and second cases have the same filter components but different oscillator components. However, the fourth and fifth cases have the same oscillator components as the third case but different filter components. Of course, all cases yield to the same oscillator frequency and filter cut-off frequency. Figures 6 and 7 show that chaotic attractors correspond to ω c = 10 5 /18 rad/s and ω os = 10 4 /12 rad/s by using various component values. Figure 6 shows the chaotic attractor that corresponds to the third case, whereas Fig. 7 shows the attractors that correspond to the other cases. These simulations confirm our Claim 1.
Moreover, since we look at Chua's circuit as an interconnection between an oscillator, a filter and a nonlinear active resistor, we expect that the qualitative behavior does not change when we replace the LC harmonic oscillator by a Wien bridge oscillator. Indeed, we consider now the modified Chua's circuit given in Fig. 2 . We maintain the same RC filter thus ω c = 10 5 /18 rad/s and we choose a Wien bridge oscillator that has a frequency ω os = 10 4 /12 rad/s. The circuit is simulated with the values of the components given in Table 3 , with R 9 = 2R 10 = 200 Ω in all cases.
The circuit was simulated and we obtained the attractors shown in Figs. 8 and 10. In Fig. 8 , the chaotic attractor that corresponds to the third case is depicted. Whereas, Fig. 10 shows the attractor that corresponds to the other cases. More precisely, for the attractors on the left, we modified the values of the oscillator components while keeping ω os = 10 4 /12 rad/s and for the attractors on the right we modified the values of the filter components while keeping ω c = 10 5 /18 rad/s. In Figs. 9 and 11, we observe the chaotic attractor obtained from the experimental realization of Chua's circuit with the parameters shown in Table 3 . The op-amps used for the realization are TL082. The chaotic attractor shown in Fig. 9 depicts a saturation of the op-amps used to implement Chua's diode, thus the attractor was distorted. Figure 11 delineates the chaotic attractors corresponding to Cases 1, 2, 4 and 5.
We deduce from the previous simulations and experiments that when we maintain a constant frequency ω os for various values of the oscillator components, then the same qualitative behavior is obtained. To confirm this result, we carried out intensive simulations to obtain bifurcation diagrams with C = C os1 = C os2 as a bifurcation parameter and R = R 7 = R 8 is maintained constant. The bifurcation diagram, shown in Fig. 12 delineates the change in the qualitative behavior of the modified Chua's circuit with respect to the capacitance C while R = 108 Ω, R f 1 = 1800 Ω and C f 1 = 100 nF. It is clear that if C < 10.204 µF (ω os > 907 rad/s), Chua's circuit has stable behavior or periodic behavior with period T os = 2π/ω os . When the values of the capacitors increase, 10.204 µF < C < 10.312 µF (898 rad/s < ω os < 907 rad/s), the behavior of Chua's circuit becomes periodic with period T os = 2(2π/ω os ). Eventually, when the capacitor value increases further, that is the difference between ω os and ω c increases, chaotic behavior appears.
Clearly, if we choose C os1 = C os2 = C and R 7 = R 8 = R then according to 2 the oscillating frequency is ω os = 1/RC . Thus for a constant frequency ω os , it follows that R = 1/ω os C which is a hyperbolic curve in the (C−R) plane. That is according to our claim the change in the qualitative behavior of Chua's circuit in the (C−R) plane should follow a hyperbolic curve. Indeed, this hyperbolic curve is quite clear in the two-dimensional bifurcation diagram shown in Fig. 13 . Since the intervals of the variation of the parameters C and R are too broad compared to qualitative variation of the circuit behavior, we present in Fig. 14 a zoom of an area in Fig. 13 . In this zoom, we see the various behaviors observed in Fig. 12 . We notice that for a fixed oscillator frequency, similar qualitative behavior is obtained for different component values.
New Modifications of Chua's Circuit
In this section, we propose some modifications of Chua's circuit to increase its order. Based on our claim, the choice of the modified circuit components that produce chaotic behavior is straight forward.
The addition of an RC ladder
Here, we propose a method to increase the circuit order by adding a number of RC filters in parallel with the first filter to form a ladder of RC filters. Thus, Chua's circuit will be always seen as an interconnection between an oscillator, a filter and a nonlinear active resistor, except that the filter is now of a higher order. Figure 15 shows a modified Chua's circuit with two RC filters. The state space representation of Chua's circuit having two RC filters is: It is obvious that a second-order filter will attenuate the oscillator signal twice as a first order filter. So there may not be a chaotic behavior if the difference between the oscillator frequency ω os and the filter frequency ω c is not large enough if we use the values of the circuit components in the circuit with one RC filter. Therefore, it is necessary to change the component values of the filter in order to increase ω c and we may also change the component values of the oscillator to decrease ω os and hence to restore chaotic behavior. Figure 16 shows the chaotic attractor corresponding to the circuit depicted in Fig. 15 with ω os = 10 4 /15 rad/s and ω c = 10 5 /8 rad/s. Precisely, we used R 7 = R 8 = 150 Ω, C os1 = C os2 = 10 µF and R f 1 = R f 2 = 800 Ω while keeping C f 1 = C f 2 = 100 nF. Hence, we have increased the difference between the critical frequencies. Figure 17 shows the chaotic attractor of Chua's circuit with a Wien bridge oscillator and three RC filters, where we further increased the difference between the frequencies ω os and ω c by choosing ω os = 10 4 /22 rad/s and ω c = 10 5 /5 rad/s. Precisely, we used R 7 = R 8 = 220 Ω, C os1 = C os2 = 10 µF and R f 1 = R f 2 = R f 3 = 500 Ω. The filter capacitors are kept unchanged C f 1 = C f 2 = C f 3 = 100 nF.
In Figs. 18 and 19, we present the chaotic attractors obtained from experimental implementation of a Chua's circuit with two RC and three RC filters, respectively. The experiment confirms our claim and suggests that Chua's circuit can be augmented by cascading several RC filters.
The use of an RLC filter
Following the same argument of the foregoing section, we can replace the RC filter by an RLC low-pass filter. Figure 20 shows the modified Chua's circuit, which consists of a Wien bridge oscillator and an RLC low-pass filter. The state space representation of this circuit is:
Knowing that the RLC filter is second order, we will choose the values of the components such that the RLC filter has the same poles as the double RC filter of the foregoing section. The RLC filter cutoff frequency is ω c = 1/L f 1 C f 1 , so by keeping it at ω c = 10 5 /8 rad/s, and fixing C f 1 = 60 nF, we obtain the value of the inductance L f 1 = 107 mH. Besides, we have R f 1 /L f 1 = 2ζω c , and we know that to obtain two equal poles it is necessary that ζ = 1, therefore R f 1 = 2ω c L f 1 = 2600 Ω. The circuit is finally simulated with the calculated parameters, and we obtaine the chaotic attractor shown in Fig. 21 . As expected, we obtained a chaotic behavior from a modified Chua's circuit which consists of an RLC filter that behaves similarly to a two-cascade RC filters. Figure 22 depicts the chaotic attractor of the modified Chua's circuit shown in Fig. 20 , which suggests that Chua's circuit can be augmented by cascading RC and RLC filters.
Conclusion
In this paper, we have dealt with Chua's circuit from a novel point of view. We considered the circuit as an interconnection between an oscillator, a filter and an active nonlinear resistor. The aim of the work was to suggest new modifications of Chua's circuit and to propose an efficient method to choose the circuit component values that produce a chaotic behavior. We claimed that a chaotic behavior is obtained from Chua's circuit if the filter cutoff frequency is larger than the oscillator frequency. Besides, the difference between those frequencies depends on the order of the filter. Finally, the numerical simulation as well as the experimental results confirmed our claim.
